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BCM-regularity, introduced by Ma-Schwede [MS21], is a mixed characteristic ana-
logue of klt and strong F -regular singularities. They are known to exhibit properties
similar to F -regular singularities, but no effective criterion such as Fedder’s crite-
rion is known. In this talk, we introduce mixed characteristic reduction, a mixed
charcteristic analogue of reduction modulo p ≫ 0 and show BCM-regularity of mixed
characteristic reductions for p ≫ 0 in some case.

Definition 1. Let (R,m) be an excellent Q-Gorenstein normal local domain.

(1) R is said to be BCM-regular if R → B is pure for any big Cohen-Macaulay
R+-algebra B.

(2) If R/m is of characteristic p > 0, then R is said to be perfectoid BCM-regular
if R → B is pure for any integral perfectoid big Cohen-Macaulay R+-algebra
B.

They satisfy following properties.

Proposition 2 ([MS21]). Let R be an excellent Q-Gorenstein normal local domain.

(1) If R is BCM-regular, then R has log terminal singularities.
(2) Suppose that R is of characteristic p > 0. R is F -regular if and only if R is

BCM-regular.

The following is expected to hold.

Conjecture 3 (cf. [MS21, Conjecture 3.9]). Suppose that R is essentially of finite
type over C. R is log terminal if and only if R is BCM-regular.

We clarify our setting.

Setting 4. Let R := (C[t, x2, . . . , xn]/(f1, . . . , fm))(t,x2,...,xn), where f1, . . . , fm ∈
(t, x2, . . . , xn)Z[t, x2, . . . , xn], and let Rp := (Zp[t, x2, . . . , xn]/(t−p, f1, . . . , fm))(p,x2,...,xn).
We say that Rp is a mixed characteristic reduction of R.

Example 5. Let R := (C[t, x, y]/(t2 + x3 + y5))(t,x,y). Then

Rp := (Zp[x, y]/(p
2 + x3 + y5))(p,x,y)

is a mixed characteristic reduction.

Theorem 6. With notation as in Setting 4, suppose that R is BCM-regular. Then

R̂p is perfectoid BCM-regular for p ≫ 0.

We can also show the following version.
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Theorem 7. With notation as in Setting 4, let S be a regular local ring essentially
of finite type over C[t](t) such that t-torsion free and the residue field of S equals C.
Suppose that there exists a pure local C[t](t)-algebra homomorphism R → S. Then R̂p

is perfectoid BCM-regular for almost all p.

Example 8. Let R := (C[t, x, y]/(t2 + x2 + y2))(t,x,y). R := ZpJx, yK/(p2 + x2 + y2) is
BCM-regular for p ≫ 0 by Main Theorem. This fact also follows from [CRMP+21],
[MST+22].

A key ingredient in the proof is the Ax-Kochen-Ershov principle, as in [Sch07].
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